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The problem of an electrohydrodynamic probe maintained at a floating poten- 
tial is considered under the assumption that its characteristic dimension is small, 

compared with the characteristic dimension of the region of flow. The shape of 

the probe obtained in the course of solution is such, that its introduction into 
the flow leaves the current density and volume charge distributions unperturbed. 
Perturbations in the value of the electrical potential are computed and the value 
of the floating potential of the probe determined. 

An elementary theory of an electrodynamic probe based on one-dimensional 

solutions is given in [l]. Below, unlike in [l], a three-dimensional problem of 
a flow around the probe is solved, and the solution obtained used to find a rela- 
tion connecting the floating potential of the probe and the potential at the point 
under investigation. 

Let us consider a steady-state potential flow of a homogeneous, incompressible, non- 
viscous fluid in an infinite space, at the velocity at infinity equal to \*= (u-,0,0). A 
volume charge is introduced into the uncharged fluid at the emitter (plane z = 0) and 

the fluid is discharged at the collector (plane z = L) . In the region 9 < z < L the flow 

of a unipolarly charged fluid obeys the electrohydrodynamics equations p]. The problem 
is solved under the assumption that no interaction takes place between the emitter and 

the collector on one hand, and the hydrodynamic flow on the other hand. This assump- 
tion is based on the experimental data available, which indicates that the interaction 

is quite insignificant (e. g, in [l] the transmittance of the grid electrodes is equal to 

0.95). We shall use the Ohm’s law j* = q+ (V* + bE*) (where b = constand denotes 
mobility) and the fact that both,the electric field E* = -gradv* , and the velocity 
field V*=-grad @*, are potential. The dimensionless independent variables and unkn- 
own quantities are given by the formulas 

2 =LE. ?/ = L% z = LC, ‘p* = umLcp lb, 

o?* -= u,La), (I* = e,,umq I (4nbL) 

We assume the electrohydrodynamic interaction parameter to be infinitely small. 
Then the system of electrohydrodynamics equations yields a system of equations for the 
volume charge, the electric and the hydrodynamic potentials 

A@ = 0, div [q grad (cp + @)I = 0, A’p = -q (1) 

Equation for the hydrodynamic potential can be solved independently from the other 
two equationsand the function cp can be assumed known when the other two equations 
are being solved. 
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The boundary conditions for ‘p and Q at the emitter and collector have the form 

‘p (0, rl9 5) = 0, cp (1, rl, 5) = 0, 4 (0, rll 5) = m (2) 

The last of these conditions corresponds [l] to a maximum current flowing from a unit 
area of the emitter (saturation current). As this quantity is finite, the condition q (0, q, 

5) = C-J becomes, in accordance with the Ohm’s law, equivalent to the condition 

Let us introduce the total potential x = ‘p f 0 and, having noted that q = -AX, re- 
place (1) by the following equivalent system of equations for CD and X 

A@= 0, div [A~gradx] = 0 (4) 

The boundary conditions at the emitter and collector are obtained for x from (2) and 
(3) and have the form 

As we said before, when cp and therefore I are determined, the function (I) can be ass- 
umed known. 

We denote by G the region o < 5 < i, -L~ < q < XJ, - .X < 5 < XI. A flow is 
called unperturbed. if all unknown quantities in G depend only on j, and we denote 
these quantities by a subscript o. 

The dimensionless velocity at infinity of the hydrodynamic flow is (1, 0, 0), there- 
fore the g-dependent solution of the first equation of (4) has the form 

(I,, == -E (6) 

The arbitrary additive constant is assumed to be zero. Solving the second equation of 
(4) with the boundary conditions (5) and taking (6) into account, we obtain X0 = -E?‘. 
Having obtained @, and x0, we can now find TO and q. 

‘p” = _ r% _I- 4, 3, rm”? ‘/I, z 8-G 

Let a convex conductor symmetrical with respect to the g -axis be placed between 
the emitter and the collector. We denote the region occupied by this body by Z, its sur- 

face by Z and the region between 5 = 0 and j = 1 situated outside the body, by G,,z. 
The region G\Z represents in this case a region of flow of a fluid containing a &polar 
charge. In the dimensionless coordinates the distance between the left and the right end 
of the body is equal to e, and the coordinates of the left end are (Eo, 0, 0). The shape of 

the body, for the time being, remains unspecified. 
Since the equation for (1) can be solved independently from the equations for X and 

the hydrodynamic flow does not, by definition, interact with the electrodes, we can 
find (1, by solving the hydrodynamic flow around the b0dy.Z for the whole space and 
not only for the region G ~2. In this case the boundary conditions for iI> become 

grad 0 + (1, 0, 0) as 4’ + TI? + j: + m 
80 /an In = 0 

The problem can be solved for a body of an arbitrary surface shape Z, therefore the 
following values can be found for (1, when g = 0, E = 1, and at the-surface Z 

(I) (0, 11, 5) = 61. (I)(l, ?),~)=-1+s,, ‘b/n =(I)n 

where 6r and 6, denote the perturbations in the values of QJ when E = 0 and E = 1 , 
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in the case of a flow around 2 in the region G. The perturbations depend on both the 
linear size of the body and its shape. 

The boundary conditions for X have the form 

x (9, 91 f) = 61, x (1, 11, j) = - i +&, $ X (9, ‘I. 5) = 9 

x/z = 0.n +cPz* ‘pn = const 

with the value of (pL not yet fixed. The function D, is also dependent on the linear 
size of the body and on its shape. We require that the following three conditions hold: 

8 4 1, e / E0 = 0 (e), a / (1 - f0) = 0 (8) (7) 

and seek a linear approximation in e for the unknown quantities which we shall denote 

by the subscript 1. 
Let us estimate I!J~ and 6, with respect to e By virtue of the conditions (7), in a three- 

dimensional space, 6r and &, are of the order of e 3. This follows from the fact that such 

estimates are valid for a sphere, while for a body of an arbitrary shape and a character- 
istic dimension -e the order of perturbations of the hydrodynamic potential does not 
depend on the shape of the body when the distances involved are large compared with 

e [3]. Consequently 6, = 0 and SB = 0 within the limits of the approximation consi- 
dered. We can now write the boundary conditions for Xi,and they have the following 
form: x1(0, % 5) = 0, X1(1, q, 5) = -1 

g Xl@, rl* 6) = 0, x112 = *'lc+'p1r. 

The second equation of (4) can be used to obtain Xl, since it differs from the exact ex- 
pression for X1 only in the terms of the order higher than e and is therefore equivalent 

to it within the limits of the approximation used. 
We now formulate the problem: to find a surface Z of such shape that X1 n = U$n + 

‘Pm would coincide with X0 = Q,, + ‘pO at some mentally chosen surface I: in an unper- 
turbed flow. If such a shape is found, then X1 z X0 in the region G\Z since X1 and x0 
satisfy the same equation and the same boundary conditions. If ‘D, has been found,then 
the values of the perturbed electrical potential can be obtained from the formula 

r&=X”-@,= _f%--1 

The quantities q1 and j, remain unperturbed within the limits of the approximation 
considered 

Ql = -AXl= - AX,,= q. 

jl = ql grad xl= qo grad xo = jo 

Let us now determine U+, the shape of the surface I: and the values of the constant 
‘P1n. We assume that such a surface has been found. In this case & has the following 
form at the surface of the streamlined body: 

@ In = @n = X” - ‘PC = - ES!’ - ‘pn, ‘pn = const (8) 

Retaining in the expression for Qnonly the terms linear in e and expanding it in e 
near the point (&, + 8 / 2, 0, 0). we obtain 

ml In =~~~=-_~-3/4~b/‘e--lr.-33/25~(4-_50-e/2) (9) 
4-&--e/2-e 

In this manner we arrive at the problem of determining the harmonic potential (&of 
a flow with specified velocity at infinity (1, 0, 0). which is a linear function of E at 
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the streamlined surface z . As we know [4], in a flow around an ellipsoid the potential 
at the streamlined surface varies linearly. Let us therefore seek Z in the form of an ell- 
ipsoid (5--“-e/i)? rl” 5’1 

(E I”)’ + (eh, q2 + $jg-q:! = 1 

Solving the problem of the flow around an ellipsoid [4], we obtain the following expre- 
ssion for Q), : 

(10) 
m 

a ((I)) = Ql ’ [(I + u) (F + 14) (p + up& $ 

\ 

“* = II (0) (11) 

where a, denotes the value of a at the ellipsoid surface and o denotes the positive 
root of the following equation, for the points outside the ellipsoid: 

The additive constant is chosen so that CD (0, r), 5) = 0 with the accuracy of up to the 
terms of the order higher than F. From (10) we find that the streamlined surface IL.(II,~ 
has the form 

We thus have two expressions for the potential @I at the surface 2, (9) and (13), for 
the same hydrodynamic flow, and these expressions must be equal to each other. Equa- 
ting the coefficients of the zeroth and first power of t---g0 - E / 2 in the Taylor series 

of (9) and (13), we obtain yIc and a* 

‘plC = &, - E;2 + 8 /f” - 3/q2e, (l* = 2 - d.3Fm'/* 
. 7 (15) 

Comparing the expressions for a, given in (11) and (14), we find the relation connect - 

ing h, p and E. 
n (0) = 2 - 4/&,“’ (15) 

Thus the set of 1, p pairs suitable in constructing a solution;forms a one-parameter 
family. The positivity of the left hand part of (15) implies that such solution can only 

be constructed in the region of G in which ‘19 < & < 1. The electric potential decreases 
in this region together with the hydrodynamic potential, and this is the necessary condi- 

tion without which such a solution could not be constructed. 
To simplify the computations, we consider the case of an axially symmetric surface 

c, i.e. the case when h = p. From (15) we obtain the following relation connecting 

It can be shown that h increases monotonously from zero to unity when &, increases 

from 4/s to unity. We also obtain 

where o satisfies Eq. (12) in which h = p. 
Let us find the relative perturbation of the electric potential 
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The above estimate is valid for large o, and this corresponds to large values of [($ - 
Eo - E / “)2 + Tj2 + c*]“*. 

The corresponding formulas for the two-dimensional case can be obtained analogously; 
they are 2h ‘?l 

( 
2k T/l- 

n= vrl-_ ,-- wet g a* = 1/m-_ =a h 

If a metallic probe,the surface of which coincides with Z ,is inserted into an unpertu- 
rbed flow at the point (&, + E / 2, 0, 0) then a steady state will establish itself after a 
certain period of time (this was shown m Cl]) and the probe will acquire a certain pot- 

ential CP*_. (floating potential) which can be measured by means of a voltmeter. In this 

case the total current flowing onto the probe is zero, and the probe will work only if 
the last condition is fulfilled. 

The solution constructed above represents the pattern of interaction between the probe 
and the flow, under the assumption that the solution of the electrohydrodynamic equat- 
ions in unique. In particular, the solution 9; obtained represents the value of the floa- 

ting potential, Simple calculations show that in an unperturbed flow v> coincides with 
rpo* at the point (&, f E / 2, 0, 0). This means that, having the floating potential of 

such a probe, we can find the value of the potential in an unperturbed flow at a point 
which coincides with the center of the probe. In the solution obtained above, the requ- 
irement that the total current flowing into the probe is equal to zero is fulfilled autom- 
atically, since the current density and volume charge distributions both remain unpert- 
urbed within the limits of the accepted accuracy. 

Analogous solutions can be obtained when the emitter and collector potentials are no 
longer equal to each other. In this case the region within which such a solution can be 
constructed is changed. 

The problem of designing a probe which would not affect the current density and vol- 
ume charge distributions similar to that considered above can be formulated, without 

the restricting conditions that-e is small and the region of flow specified. However, the 
problem considered above indicates that such a solution does not always exist. 

The author thanks A. B. Vatazhin and G. A. Liubimov for their attention to this work. 
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The variation in the elctric E = {0, 0, EJ and magnetic H = {H,, H,, 0} fields 
caused by. a motion of an infinitely conductive sphere through a homogenous mag- 
netic field H,, = (H,cos 6, -Hosin 6, 0}, when the radius (I of the sphere var- 
ies with time in a prescribed manner, was investigated in [l, 2% Below we con- 

sider the same problem for the case when the dependence II = a (L) is arbitrary. 

The problem is reduced to solution of the Maxwell equations satisfying the following 
initial and boundary conditions 

Hr(r,6,0)=Hocos6, Hg(r,O,O)=- Hosine, E,(~,f+,O)-0 

H, (a (t), 6, r) = 9, E, (a (t), 6, r) - tic-‘Ha (a (t), 6, t) = 0 (1) 

The last of these relations represents the usual electrodynamic condition [S] at the sur - 
face of an infinitely conducting sphere. For convenience, in the following,we shall re- 
place the functions H,, H, and E, by a single function u (r, t) satisfying the wave equ- 

ation and the conditions u (r, 0) = 3/,, (au I at),=, = 0 

1 d a’” U(% t) 
t=a + 7 dt 1a-u (a, 01+ 2 7 -y- = O 

in the region (a (t) < P < W, t > 0) . This yields the following expressions for the un- 

known functions: 7 

H, (r, 6, t) = 
2Hocos6 ’ 

7.3 s 
~(5, t)s2dz 

a(‘) 

H, (r, 6, t) = - HOU (r, t) sin 6 + u (5, t) 52 dt (2) 

E, (r, 6, t) = - 
Hosin ’ 

$ c 
lli’f, 

+ -$- z”dx + + IIt, sin 6 $- u (a, t) 

The lower limit of integration in (2) is chosen with the boundary conditions (1) taken 
into account. 


